A Frobenius group is a transitive permutation group which is not regular but only the identity element can fix two points. Such a group can be expressed as the semi-direct product G = K ⋊ H of a nilpotent normal subgroup K and another group H fixing a point. A firstkind G-Frobenius graph is a connected Cayley graph on K with connection set an H-orbit a H on K that generates K, where H has an even order or a is an involution. It is known that the first-kind Frobenius graphs admit attractive routing and gossiping algorithms. A complete rotation in a Cayley graph on a group G with connection set S is an automorphism of G fixing S setwise and permuting the elements of S cyclically. It is known that if the fixed-point set of such a complete rotation is an independent set and not a vertex-cut, then the gossiping time of the Cayley graph (under a certain model) attains the smallest possible value. In this paper we classify all first-kind Frobenius circulant graphs that admit complete rotations, and describe a means to construct them. This result can be stated as a necessary and sufficient condition for a first-kind Frobenius circulant to be 2-cell embeddable on a closed orientable surface as a balanced regular Cayley map. We construct a family of nonFrobenius circulants admitting complete rotations such that the corresponding fixed-point sets are independent and not vertex-cuts. We also give an infinite family of counterexamples to the conjecture that the fixed-point set of every complete rotation of a Cayley graph is not a vertex-cut.
Introduction

Motivation
Given a group G with identify element 1 and a subset S of G with 1 ∈ S and S = S −1 := {s −1 : s ∈ S}, the Cayley graph on G with connection set S, denoted Cay(G, S), is the graph with vertex set G such that g, h ∈ G are adjacent if and only if gh −1 ∈ S. A Cayley graph on a cyclic group is called a circulant graph (or circulant for short), or a multi-loop network as used in computer science.
It is widely recognized [1, 3, 11, 19] that Cayley graphs provide good models for interconnection networks, and as such they have been studied extensively in computer science for more than two decades. In particular, since the 1970s [37] , circulant graphs have attracted attention due to their regularity, simple structure and rich symmetry. We refer the reader to [4, 23, 24] for surveys on circulant graphs in the context of network design with an emphasis on connectivity, diameter and efficiency in information dissemination. The reader may also consult [19, 27] for a survey on Cayley graphs as models for interconnection networks and an account of popular Cayley networks such as hypercubes, cube-connected cycles, star graphs, and so on.
A. Complete rotations. Motivated by the need to construct fast gossiping algorithms, Bermond, Kodate and Pérennes introduced [5] the concept of complete rotation in Cayley graphs. (See §1.3 for terminology not defined in this subsection.) Among other things they proved [5, Corollary 15] that, if a Cayley graph with n vertices and valency d admits a complete rotation whose set of fixed points is empty, then its gossiping time under the store-and-forward, all-port and full-duplex model [5] is equal to the trivial lower bound (n − 1)/d, which is the best one can hope for. They also proved [5, Lemma 17] that, if a Cayley graph admits a complete rotation whose fixed-point set is an independent set and not a vertex-cut, then its gossiping time is equal to ⌈(n − 1)/d⌉. (A vertex-cut of a graph is a subset of its vertex set whose removal increases the number of connected components.) They proved further that several popular network structures, including hypercubes, star graphs and multi-dimensional tori, admit complete rotations, and using this they determined the exact value of the gossiping time of these networks. In [15] , Fragopoulou and Akl introduced a similar notion of rotation and used it to construct efficient communication algorithms. What is called a rotation of a Cayley graph in [15] is a complete rotation (as used in [5, 21] and the present paper) that is also an inner automorphsim of the group defining the Cayley graph. Since complete rotations enable efficient and simple gossiping algorithms [5, 15] , an interesting but challenging problem, as addressed in [5] , is to classify or characterize Cayley graphs that admit a complete rotation. This problem was studied by Heydemann, Marlin and Pérennes in [21] , where they gave among other things a few grouptheoretic conditions for the existence of a complete rotation in a Cayley graph. For example, they proved [21, Corollary 3.1] that a connected Cayley graph Cay(G, S) admits a complete rotation if and only if there exists a presentation S|R of G such that the free group F (S) has an automorphism that fixes R and induces a cyclic permutation of S. Proving a conjecture of Bermond, Kodate and Pérennes [5] , Lichiardopol [28] showed that the k-dimensional toroidal mesh with n k vertices (where n ≥ 3) admits a complete rotation whose fixed-point set is not a vertex-cut. In the same paper, he also disproved a stronger conjecture by the same group [5] which asserts that the fixed-point set of any complete rotation of a Cayley graph is not a vertex-cut.
B. Balanced regular Cayley maps. It was observed in [29] that a complete rotation in a Cayley graph is a special skew-morphism [26] , and that the existence of a complete rotation in a Cayley graph Γ is equivalent to the existence of a 2-cell embedding of Γ on a closed orientable surface as a balanced regular Cayley map [32] . Regular Cayley maps themselves are important objects of study in topological graph theory. In particular, from [26, 32] it is evident that constructions and/or characterizations of balanced regular Cayley maps are of considerable interest to the field of regular maps.
C. Frobenius graphs and HARTS (hexagonal meshes). In [39, Theorem 5.3] , the second author proved that, if there exists a subgroup H of the setwise stabilizer Aut(G, S) of S in Aut(G) such that the union of the H-orbits on G \ {1} of length less than |H| is an independent set and not a vertex-cut of Γ = Cay(G, S), then the gossiping time of Γ is given by ⌈(n − 1)/d⌉. He also proved [39, Theorem 5.1] that the same result holds if there exists a subgroup H ≤ Aut(G) that is regular on S and semiregular on G \ {1}. Such graphs are called the first-kind Frobenius graphs, and they were studied in [33, 16] and further investigated in [39] from a communication point of view. These two results in [39] generalize Lemma 17 and Corollary 15 in [5] , respectively. In [39, Theorem 5.1] it was also proved that the firstkind Frobenius graphs admit 'perfect' optimal gossiping algorithms in some sense. Moreover, by [33, 16] and [39, Section 6] , such graphs achieve the smallest possible edge-forwarding [20] and arc-forwarding indices [39] and also support 'perfect' routing schemes in a sense. It is thus desirable to classify, for example, the first-kind Frobenius circulants, and this has been achieved in [35] and [36] in the cases of valency 4 and 6, respectively. It turns out that these two families of circulants all admit complete rotations; see [35, Theorem 2] and [36, Theorem 2] , respectively. Moreover, recently we became aware of the fact that a very special subfamily of first-kind Frobenius circulants of valency 6 had physically been used [10, 14] as multiprocessor interconnection networks at the Real-Time Computing Laboratory, The University of Michigan. They are called HARTS (Hexagonal Architecture for Real-Time Systems) [14] or hexagonal mesh interconnection networks [2] in the computer science literature. The fact that the topological structures of HARTS are indeed some special first-kind Frobenius circulants of valency 6 was justified in [36] ; see also §2.3 in this paper. In the combinatorial community they were first studied in [38] , and their optimal routing and gossiping algorithms were given in [34] .
We refer the reader to [17, 40] for other recent results on Frobenius graphs, and to [22] for a survey on information dissemination in communication networks.
A sumary of main results
From the above it should be clear that it would be interesting to classify all rotational Frobenius circulants and give a methodology for constructing them. We will achieve this in the present paper with the help of number theory; see Theorem 2.7. In view of (B) above, this can also be viewed as a classification of Frobenius circulants that are 2-cell embeddable on closed oriented surfaces as balanced regular Cayley maps (see Corollary 2.9). We will also study a family of rotational circulants with p e vertices, where p is an odd prime and e ≥ 3 an integer, and give a necessary and sufficient condition for the corresponding fixed-point set to be a non-vertexcut; see Theorem 3.1. On the one hand, from this result we obtain a new family of rotational circulants whose gossiping time is equal to the aforementioned trivial lower bound. On the other hand, this result generalizes Lichiardopol's single counterexample [28] to the conjecture of Bermond, Kodate and Pérennes [5] as mentioned in (A), to an infinite family of counterexamples.
Definitions
Let G be a group with identity element 1, and let V be a set. An action of G on V is a mapping
is the trivial subgroup of G for all v ∈ V , transitive on V if v G = V for some (and hence all) v ∈ V , and regular on V if it is both transitive and semiregular on V . If a group H acts on G such that (uv) h = u h v h for any u, v ∈ G and h ∈ H, then H is said to act on G as a group. In this case we use G ⋊ H to denote the semidirected product [12] of G by H with respect to the action.
It is well known that a Cayley graph Γ = Cay(G, S) has valency |S|, and it is connected if and only if S = G. Since (x, g) → xg, x, g ∈ G, defines a regular action of G on G (as a set) which preserves the adjacency of Γ (see e.g. [6] ), we may view G as a subgroup of the automorphism group Aut(Γ) of Γ. Define Aut(G, S) := {α ∈ Aut(G) : S α = S} to be the setwise stabilizer of S in Aut(G) under the natural action of Aut(G) on G, and Aut(Γ) 1 the stabilizer of the vertex 1 in Aut(Γ). Then Aut(G, S) ≤ Aut(Γ) 1 (see e.g. [18] or [6, Proposition 16.2 
]).
A bijection ω : G → G is called [5] a complete rotation of Cay(G, S) if there exists an ordering of S = {s 0 , s 1 , . . . , s d−1 } (where d = |S|) such that ω(1) = 1 and ω(gs i ) = ω(g)s i+1 for all g ∈ G and i = 0, 1, . . . , d − 1, with subscripts mod d. In particular, ω(s i ) = s i+1 for each i and so ω permutes the elements of S cyclically. In [21, Proposititon 2.2] it is shown that a bijection ω : G → G is a complete rotation of Cay(G, S) if and only if ω ∈ Aut(G, S) and for some (and hence all) s ∈ S, s ω = {s, s ω , s ω 2 , . . . , s ω d−1 } = S, where ω is the cyclic group generated by ω. An element g ∈ G is called a fixed point of ω if g = 1 and there exists i ∈ {1, . . . , d − 1} such that g ω i = g. A Cayley graph is called rotational if it admits a complete rotation.
An arc of a graph is an ordered pair of adjacent vertices. A graph Γ is G-arc-transitive if G ≤ Aut(Γ) and G is transitive on the set of arcs of Γ. Γ is arc-transitive if it is Aut(Γ)-arctransitive. It is easy to see that any rotational Cayley graph is arc-transitive.
Given a generating set S of a group G and a cyclic permutation ρ of S, a Cayley map M = CM (G, S, ρ) [26, 32] is a 2-cell embedding of the Cayley graph Cay(G, S) on an orientable surface such that for each vertex g ∈ G, the cyclic permutation of the arcs (g, sg), s ∈ S, induced by a fixed orientation of the surface coincides with ρ. M is called balanced [32] if ρ(s −1 ) = ρ(s) −1 for every s ∈ S, and regular if its automorphism group is regular on the set of arcs of Cay(G, S).
A Frobenius group G is a transitive group on a set V which is not regular on V such that the only element of G which fixes two points of V is the identity element of G. It is well known (see e.g. [12, p.86] ) that a finite Frobenius group G has a nilpotent normal subgroup K, called the Frobenius kernel, which is regular on V . Hence G = K ⋊ H, where H is the stabilizer of a point of V ; each such group H is called a Frobenius complement of K in G. Since K is regular on V , we may identify V with K in such a way that K acts on itself by right multiplication, and we may choose H to be the stabilizer of 1 so that H acts on K by conjugation. Obviously, H is semiregular on K \ {1}. Following [16, Theorem 1.4], a G-Frobenius graph is a connected Cayley graph Cay(K, S) such that, for some a ∈ K with a H = K, (i) S = a H if |H| is even or a is an involution, or (ii) S = a H ∪ (a −1 ) H if |H| is odd and a is not an involution. Hereinafter x H := {h −1 xh : h ∈ H} is the H-orbit containing x ∈ K under the action of H on K (by conjugation). Since G is a Frobenius group, H may be regarded as a subgroup of Aut(K). Thus H ≤ Aut(K, S) ≤ Aut(Γ) 1 and consequently G ≤ Aut(Γ). We call Cay(K, S) a first-kind or second-kind G-Frobenius graph [39] according as whether S is given by (i) or (ii).
We refer the reader to [7] , [12] and [8, 25, 31] for graph, group and number-theoretic terminology and notation, respectively.
Classification of rotational first-kind Frobenius circulants 2.1 Preparations
In this subsection we collect several preliminary results that will be used in the proof of our main results.
Let Z n be the additive group of integers mod n, where n ≥ 3 is an integer. Let Z * n = {[u] : 1 ≤ u ≤ n − 1, gcd(n, u) = 1} be the multiplicative group of units of the ring Z n . Here the residue classes [u] are mod n, and we may write [u] n in place of [u] if there is a danger of confusion. We have Aut(Z n ) ∼ = Z * n and Z * n acts on Z n by the usual multiplication:
the same action on Z n . We use [u] −1 to denote the inverse element of [u] in Z * n , and [u] to denote the cyclic subgroup of Z * n generated by [u] . The operation of Z n ⋊ Z * n is defined by It can happen that a circulant Γ is isomorphic to some K ⋊ H-Frobenius graph Cay(K, S), but K is not a cyclic group and H is not regular on S. For example, if n = p e is a prime power with e ≥ 2, then G = Z e p ⋊ Z * n−1 ∼ = AGL(1, n) is a Frobenius group and the complete graph
) is a G-Frobenius graph. This describes K n as a Cayley graph on a non-cyclic group. Note that K n is not a Z n ⋊ H-Frobenius graph for any H ≤ Z * n , because Z * n cannot have any subgroup regular on
In the sequel we focus on the first-kind Frobenius circulants such that the underlying Frobenius group Z n ⋊ H has kernel Z n . Slightly abusing terminology, we say that such a circulant has kernel Z n and complement H. Proof. Let Γ = Cay(Z n , S) be a first-kind Z n ⋊ H-Frobenius circulant. Then H is regular on S and semiregular on Z n \ {[0]} by Lemma 2.2. Hence |H| = |S| and |H| divides n − 1.
Suppose the valency |S| of Γ is odd. Then |H| is odd and thus by the definition of a first-kind
is an involution, so is every element of S. Since Z n contains at most one involution, it follows that |S| = 1 and so Γ is a disconnected graph. This contradiction shows that |S| must be even, which implies that n must be odd as |S| is a divisor of n − 1.
Lemma 2.4. ([35, Lemma 4]) A subgroup
The following is a refinement of Lemma 2.4 in the case when H is cyclic. Given coprime integers m and a, we say that a has order k mod m if a (mod m) has order k in Z * m . 
Consequently, for i = 1, . . . , d − 1 and each prime factor p of n, we have gcd(h i − 1, p) = 1 and so h does not have order i mod p. On the other hand, since H is cyclic of order d, we have h d ≡ 1 (mod n) and so h d ≡ 1 (mod p). Therefore, for each prime factor p of n, h has order d mod p.
Conversely, suppose that h has order d mod p for every prime factor p of n.
A subset S of a finite group G is called [30] a CI-subset of G if for every subset S ′ of G, Cay(G, S) and Cay(G, S ′ ) are isomorphic if and only if S ′ = S σ for some σ ∈ Aut(G). It was proved by Muzychuk, Klin and Pöschel [30, Theorem 5.2] , and Dobson and Morris [13] independently, that every S ⊂ Z * n is a CI-subset of Z n .
Lemma 2.6. Let Γ = Cay(Z n , S) and Γ ′ = Cay(Z n , S ′ ) be rotational first-kind Frobenius circulants such that the underlying Frobenius groups have kernel Z n and complements H, H ′ ≤ Z * n , respectively. Then Γ and Γ ′ are not isomorphic unless H = H ′ .
Proof. By Lemma 2.1, we may assume [1] ∈ S without loss of generality. Since by Lemma 2.2 H is regular on S, we have S = H (as sets). Similarly, we may assume [1] ∈ S ′ so that S ′ = H ′ .
Assume Γ ∼ = Γ ′ . Then σS = S ′ for some σ ∈ Z * n by the aforementioned result of [30] . Since
is in H, so is σ, and hence H ′ = σH = H.
Classification
The main result in this section is Theorem 2.7 below, which both classifies rotational first-kind Frobenius circulants with kernel Z n , and describes a means to construct them. In the proof of this result we will use the fact that for any odd prime p and any integer e ≥ 1, a primitive root mod p e is also a primitive root mod p. (In fact, for a primitive root η mod p e and every a ∈ {1, . . . , p − 1}, there exists an integer m such that η m ≡ a (mod p e ). Hence η m ≡ a (mod p) and η generates Z * p .) Denote by ϕ Euler's totient function.
Theorem 2.7. Let n = p 
Moreover, if
where b i and h i are integers satisfying
and
for a fixed primitive root η i mod p 
(mod p i ), this means that h i has order d mod p i . Therefore, h (≡ h i (mod p i )) has order d mod p i for each i ∈ {1, . . . , l}. It then follows from Lemma 2.5 that H is semiregular on Z n \ {[0]}. Finally, since H ∼ = Z d , we conclude that Γ is a first-kind Z n ⋊ Z d -Frobenius graph of order d that admits [h] as a complete rotation.
Completeness of construction:
We have already seen in Lemma 2.3 that no first-kind Frobenius circulants with kernel Z n exist when n is even.
We now show that, up to isomorphism, every rotational first-kind Frobenius circulant with kernel Z n arises from the construction above. Let Γ = Cay(Z n , S) be such a circulant with valency |S| = d, where n is odd. Then by Lemma 2.2 there exists a subgroup H of Z * n that is regular on S and semiregular on Z n \{[0]} such that Γ is a Z n ⋊H-Frobenius graph. Moreover, as we saw in the proof of Lemma 2.6, we may assume without loss of generality that S = H = We now demonstrate that different choices of h can generate the same group H in Z * n . Since H is cyclic of order d, it has exactly ϕ(d) generators. We claim that each of them corresponds to a different h in (1). Let h 0 be a fixed solution to (1) The valency d of Cay(Z n , [h] ) in Theorem 2.7 is strictly less than the smallest prime divisor of n. In particular, if 3 is a divisor of n, then d = 2 and so the only rotational first-kind Frobenius circulant with kernel Z n is the cycle of length n.
We illustrate Theorem 2.7 by the following example.
Example 2.8. Let n = 6253 = 13 2 × 37, so that p 1 = 13, p 2 = 37, and D = gcd(12, 36) = 12.
Choose η 1 = η 2 = 2, which is a primitive root mod 13 as well as a primitive root mod 37. By (2), we have b 1 ≡ 37 −1 ≡ 32 (mod 13 2 ) and b 2 ≡ (13 2 ) −1 ≡ 30 (mod 37).
The even divisors of D are d = 2, 4, 6 and 12, and respectively, they produce ϕ(d) = 1, 2, 2 and 4 non-isomorphic rotational first-kind Frobenius circulants Cay(Z 6253 , S) with kernel Z 6253 . These circulants are listed in Table 1 , omitting the pairs (m 1 , m 2 ) that produce a circulant isomorphic to one already in the table.
In view of (B) in §1.1, Theorem 2.7 can be restated as follows. 
HARTS, or hexagonal meshes
We now explain that HARTS (Hexagonal Architecture for Real-Time Systems), also known as hexagonal mesh, C-wrapped hexagonal mesh or hexagonal interconnection network, belongs to the family [36] of first-kind Frobenius circulants with kernel Z n and valency 6, which in turn is a subfamily of the family of rotational circulants as classified in Theorem 2.7. HARTS was proposed [10] as a distributed real-time computing system, and its properties were studied in [10, 14, 2] .
By [36, Theorem 2] , a first-kind Frobenius circulant with kernel Z n and valency 6 exists if and only if every prime factor of n is congruent to 1 mod 6, and moreover such circulants are precisely Cay(Z n , [a] n ) with a running over all solutions to the congruence equation x 2 − x + 1 ≡ 0 (mod n). In particular, if n k = 3k 2 + 3k + 1 where k ≥ 2 is an integer, then 3k + 2 is a solution to
is a first-kind Frobenius circulant with valency 6; see [34] and [36, Example 1] . In [38] , it was proved that T L n k has diameter k, and among all circulants Cay(Z n , {±[a] n , ±[b] n , ±[c] n }) of valency 6 and diameter k such that a + b + c ≡ 0 (mod n), T L n k has the maximum number of vertices.
The HARTS H k of size k has diameter k − 1 and n k−1 = 3k 2 − 3k + 1 vertices, and is isomorphic [10, 2] to the circulant Cay(
The same conclusion can also be drawn as follows: H k is isomorphic [2] to the EJ network EJ k+(k−1)ω where ω = (1 + √ 3i)/2, but any EJ network EJ a+bi with gcd(a, b) = 1 is isomorphic [36, Theorem 5 ] to a first-kind Frobenius circulant of valency 6.
A family of rotational non-Frobenius circulants
The purpose of this section is to prove the following result. 
where r is an integer between 0 and e−1. The circulants Γ q,r above cannot be Frobenius, for otherwise the fixed-point set of [(p − 1) p r ] would be empty. Note that the fixed-point set F of Γ q,r does not rely on r. Note also that Γ q,e−1 is isomorphic to the cycle of q vertices.
As mentioned in the introduction, it was proved in [5, Lemma 17] that if a Cayley graph has a complete rotation such that the corresponding fixed-point set is an independent set and not a vertex-cut, then its gossiping time can be easily computed. It is known [5] that some popular networks, including hypercubes, star graphs and multi-dimensional tori, have this property. Theorem 3.1 shows that {Γ q,0 : q = p e , p an odd prime, e ≥ 3} is a new family of rotational Cayley graphs with this property. It was conjectured in [5] that the fixed-point set of any complete rotation of a Cayley graph is not a vertex-cut. Lichiardopol [28] disproved this by a counterexample. Theorem 3.1 generalizes his construction to an infinite family of counterexamples, namely Γ q,r with 1 ≤ r ≤ e − 1. In fact, the counterexample in [28, Section 4] is exactly Γ 3 n ,1 .
An immediate consequence of Theorem 3.1 and [5, Lemma 17] is that, for any odd prime p and integer e ≥ 3, the gossiping time of Γ p e ,0 is equal to ⌈(p e − 1)/2p e−1 ⌉, which is quite small compared with the order p e of Γ p e ,0 .
Fixed points of a complete rotation
Before proving Theorem 3.1 let us briefly discuss basic properties of the fixed-point set of a complete rotation in a rotational Cayley graph.
Let Γ = Cay(G, S) be rotational with a complete rotation ω. Let H = ω ≤ Aut(G). Then H is regular on S and permutes the elements of S in a cyclic manner. Define [39, Section 5]
where H x is the stabilizer of x in H. Denote by F (ω) the set of fixed points of ω. Denote by Γ − F (ω) the graph obtained from Γ by deleting all vertices of F (ω).
The first two parts of the following lemma were observed in [39, Section 5] under a general setting. We give their proofs for completeness of the present paper. Proof. Denote d = |S|.
(a) Let x ∈ G. We have: x ∈ F (ω) ⇔ x = 1 and there exists i ∈ {1, . . . , d − 1} such that x ω i = x ⇔ x = 1 and there exists i ∈ {1, . . . , d − 1} such that ω i ∈ H x ⇔ x = 1 and
Since H x h = h −1 H x h for any x ∈ G \ {1} and h ∈ H, H x = 1 if and only if H x h = 1. Thus X(ω) \ {1} is invariant under H and hence is the union of some H-orbits on G \ {1}. By the orbit-stabilizer lemma, an H-orbit on G \ {1} is contained in this union if and only if it has length d.
(c) It can be verified that F (ω) is invariant under the action of H. (In fact, if x ∈ F (ω), then there exists i ∈ {1, . . . , d − 1} such that x ω i = x. Thus, for any integer j, we have (x ω j ) ω i = x ω j and so x ω j ∈ F (ω).) This implies that F (ω) is the union of some H-orbits on G \ {1}. Thus, by (a), F (ω) is the union of all H-orbits on G \ {1} outside X(ω). Moreover, by (b) and the orbit-stabilizer lemma, F (ω) is the union of all H-orbits whose lengths properly divide d.
(d) The necessity is obvious. To prove the sufficiency, if a path as stated exists, then there exists a path of Γ − F (ω) from 1 to every vertex of x H ⊆ X(ω). This is because H fixes 1, leaves F (ω) invariant, is a subgroup of Aut(Γ), and is transitive on x H . In other words, there exists a path from 1 to every vertex of X(ω). Therefore, Γ − F (ω) is connected and so F (ω) is not a vertex-cut of Γ.
Proof of Theorem 3.1
Throughout this subsection we assume that p, q, e, r and h are as in Theorem 3.1 and residue classes are mod q. Define
Since gcd(h, p) = 1, H q,r is a subgroup of Z * q . Denote by ord p (n) the exponent of p in the canonical prime factorisation of n. In particular, ord p (n) = 0 if p is not a divisor of n. In the special case when p = 3, equality (6) below was observed in [28, Lemma 4.2] . 
Proof. Denote a k,s = (p − 1) p k s . It is obvious that (6) and (7) are true when k = 0. Assume k ≥ 1 in the sequel. We have 
(a) Suppose that s is even. Then the last term on the right-hand side of (8) is 1, the second last one is −p 2 s, and all other terms are divisible by p 3 . Since 2 ≤ s ≤ p − 1, it follows that ord p (a 1,s − 1) = 2 and so (6) holds when k = 1.
Assume inductively that ord p (a k,s − 1) = k + 1 for some k ≥ 1 and every even s with 2 ≤ s ≤ p−1. Since for every i ≥ 0, p k si is even (as s is even), we have a i k,s = p k si j=0 [1], [2] , . . . , [i] . By Lemma 3.2(d) we conclude that F is not a vertex-cut of Γ q,0 .
